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Abstract
We investigate the probe holographic fermions by using an anisotropic charged black brane
solution. We derive the equation of motion of probe bulk fermions with one Fermi momentum along
the anisotropic and one along the isotropic directions. We then numerically solve the equation and
analyze the properties of Green function with these two momentums. We find in this case the
shape of Fermi surface is anisotropic. However, for both Fermi momentums perpendicular to the
anisotropic direction, the Fermi surface is isotropic. We verify that our system obeys the recently
conjectured bound for thermoelectric diffusion constants for the stable branch of the black brane
solutions.
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I. INTRODUCTION
Landau Fermi liquid theory is the standard model for theory of metals and it helps us
understand almost all metals, such as semiconductors, superconductors and so on. Recently,
this theory has been challenged by physics by the facts that lots of materials have been found
which cannot be described by Landau Fermi liquid. For example, the Landau Fermi theory
fails to describe electromagnetic properties of Weyl metal [1, 2]. In recent years, using
AdS/CFT correspondence [3–5] to build a non-Fermi liquid theory has been widely studied
in [6–17]. In ideal systems, the Fermi surface is isotropic, but in real materials, the Fermi
surfaces are always anisotropic and inhomogeneous. For instance, the electric structure of
superconducting cuprates, is highly anisotropic because of the atomic lattice effects.
In [18, 19], one of us obtained a charged and spatially anisotropic black brane solution,
dual to a spatially anisotropic N = 4 super Yang-Mills (SYM) theory at finite chemical
potential and finite temperature. The anisotropy is introduced through deforming the SYM
theory by a θ−parameter of the form θ ∝ x, which acts as an isotropy-breaking source that
forces the system into an anisotropic equilibrium state [20, 21]. Actually, the θ-parameter
is dual to the type IIB axion χ with the form χ = ax, in which a determines the level of
the anisotropy. The prolate anisotropy corresponds to a2 > 0 [18, 19]. The prolate black
brane yields its very surprising property. That is to say, at a fixed temperature, there
are two distinct branches of black brane solution: one branch with large, stable radii and
the other branch with smaller but unstable radii. The thermodynamical phase structure
of such a prolate black brane is similar to Schwarzschild-AdS black hole with spherical
horizon. Furthermore, the ratio of the shear viscosity to entropy density violates the bound
conjectured by Kovtun-Son-Starinets for the prolate black brane and the DC thermoelectric
conductivities were obtained in [22].
Considering the above facts, it is natural to ask what is the behavior of the holographic
fermions in this background. The purpose of this paper is to investigate the properties
of the probe holographic fermions in this anisotropic but homogenous background. Note
that in our case, the linear axions do not lead to a periodic deformation of the boundary
conformal field theory and thus cannot be considered as holographic lattice. Nevertheless,
the axions do result in an anisotropic Fermi surface. It is worth noting that there also are
some papers [23, 24] working on the anisotropic holographic fermions system. In [23], the
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authors studied anisotropic Fermi surface by considering the Bramon-Grau-Pancheri (BGP)
Lagrangian. But the gravity background is isotropic. In [24], the authors numerically con-
structed an anisotropic holographic lattice background by adding a neutral scalar field with
the periodic boundary conditions along the spatial direction, and using this background to
study the anisotropic Fermi surface. But one advantage of our model is that the background
anisotropic black brane is string-embedded and many of its properties remain unknown to
us.
Besides the effect of anisotropy, we wish to discuss the diffusion constant bound related to
the Fermi velocity. Recently, motivating from holographic duality, the uncertainty principle
and the measurements of diffusion in strongly interacting nonmetallic systems, Hartnoll
proposed a universal bound on the diffusion constant in an incoherent metal [25]
D &
~v2F
kBT
, (1)
where D are the diffusion constants, vF is the Fermi velocity. As the characteristic speed in
a metal, vF plays a role analogous to the speed of light. Non-Fermi liquid, particularly bad
metals cannot admit a quasiparticle description because such quasiparticles would have a
mean free path shorter than their Compton wavelength. In such incoherent metals, transport
is controlled by the collective diffusion of energy and charge rather than by quasiparticle
or momentum relaxation. The optical conductivity of such incoherent metals can cross the
Mott-Ioffe-Regel (MIR) bound, so that it can be both weaker and stronger than the MIR
bound. The bound presented in (1) was proposed to replace the MIR bound in bad metals
and it can be simply derived from the Kovtun-Son-Starinets bound η/s ≥ C~/kB and the
relation η/s = DT/c2 for vanishing chemical potential. Note that one need replace the speed
of light c with the Fermi velocity vF in metals. One point should be emphasized that C is
simply a constant. In this paper, we will address this problem by utilizing the numerical
results obtained for the probe Fermions. We verify that our system obeys the Hartnoll bound
for thermoelectric diffusion constants for the stable branch of the black brane solution.
This paper is organized as follows: we briefly review the anisotropic and charged black
brane solution in Sec. II. In Sec. III, we give the equation of motion for the probe fermions
with one momentum along the anisotropic direction and one momentum along the isotropic
direction. We solve the Dirac equation numerically and study the properties of the Fermi
surface in Sec. IV. In particular, we study the holographic fermions with momentums
3
along the isotropic directions and reveal that the resulting Fermi surface is isotropic. The
diffusivity bound in Eq.(1) will be examined by using the numerical results. The conclusion
is presented in the last section. For completeness in mathematics, we briefly discuss the
Fermi surface structure of oblate anisotropy as a toy model in the appendix.
II. THE ANISOTROPIC CHARGED BLACK BRANE SOLUTION
The anisotropic charged black brane solution can be derived from the five-dimensional
Einstein-Maxwell-Dilaton-Axion truncation of gauge AdS supergravity with compactifica-
tion of ten-dimensional type IIB supergravity on S5. The nonlinear Kaluza-Klein reduction
of type IIB supergravity to five dimension, leads to the presence of an Abelian field in the
action. The time component of the Abelian field results in a nonzero chemical potential
in the dual gauge theory. Different from the chargeless anisotropic black brane solution,
the introduction of the U(1) gauge field breaks the SO(6) symmetry and thus leads to the
excitations of the Kaluza-Klein modes.
A. Background solution
The effective action for the Einstein-Maxwell-Dilaton-Axion theory can be written as[18,
19]
S =
1
2κ2
∫
M
√−g
(
R+ 12− 1
2
(∂φ)2 − 1
2
e2φ(∂χ)2 − 1
4
FMNF
MN
)
+
1
2κ2
∫
∂M
√−γ2K, (2)
where κ2 = 8piG5 = 4pi
2/N2c , L = 1, FMN = ∂MAN − ∂NAM , and χ is an axion field. The
black brane solution takes the following form
ds2 = e−
1
2
φr2
(
− FBdt2 +Hdx2 + dy2 + dz2
)
+
e−
1
2
φdr2
r2F (3)
χ = ax, A = Atdt, φ = φ(r), (4)
where At is dual to the chemical potential. The metric was already solved numerically and
analytically in [18, 19]. While a2 > 0 corresponds to the prolate anisotropy. We emphasize
that the linear axion field is not a dynamical field here and as can be seen from the action (2)
it plays the role of mass term of the dilatonic field. Actually, the constant a has dimensions
of mass and is a measure of the anisotropy. From the five-dimensional theory viewpoint,
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the anisotropy can be interpreted as a nonzero number of dissolved D7-brane wrapped on
S5, extending along the yz-direction and distributed along the x-direction with density nD7
[20]. Note that the form of the metric given here is slightly different from that of [18, 19]
and we choose χ = ax only for the convenience of computation.
In the following, we will mainly utilize the analytic black brane solution. The met-
ric functions given in the r-coordinate can be solved by perturbing around the isotropic
Resseiner − Nordstro¨m-AdS black brane in the small a expansion [18, 19]
F = 1−
(
rH
r
)4
+
[(
rH
r
)6
−
(
rH
r
)4]
q2 + a2F2(r) +O(a4),
B = 1 + a2B2(r) +O(a4),
H = e−φ(r), with φ(r) = a2φ2(r) +O(a4), (5)
where
F2(r) = r
4
H
24
√
1 + 4q2
{
3(−4q
2
r6
+
1
r6H
) ln
(
(1 +
√
1 + 4q2)r2H + 2r
2
(1−√1 + 4q2)r2H + 2r2
)
+
1
r2r2H
[
8
√
1 + 4q2(− 1
r2
+
1
r2H
) +
1
r2
(
3 ln
(
−2 − 2q2 + 2
√
1 + 4q2
)
+ 5(−2 + q2) ln
(
−1 + 2q2 +
√
1 + 4q2
)
− 12q2 ln
(
−2− 2q2 + 2
√
1 + 4q2
)
+ 7(1 + q2)
(
ln
(
(−1 + 2q2 −
√
1 + 4q2)(2q2u2 + (−1 +
√
1 + 4q2))
r2H
)
− ln
(
2q2
r2
− (1 +
√
1 + 4q2)
r2H
)))]}
,
B2(r) = 1
24
(
10r2
q2r4H − r2r2H − r4
+
1
r2H
√
1 + 4q2
ln
(
(1 +
√
1 + 4q2)r2H + 2r
2
(1−√1 + 4q2)r2H + 2r2
))
,
φ2(r) = − 1
4r2H
√
1 + 4q2
ln
(
(1 +
√
1 + 4q2)r2H + 2r
2
(1−√1 + 4q2)r2H + 2r2
)
, (6)
and dimensionless charge q = Q
2
√
3r3
H
. The constant Q is a dimensional charge which corre-
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sponds to the U(1) gauge field. The gauge field At is given by
At =
√
3qr3H(
1
r2H
− 1
r2
)− 5rH
24(
√
4q2 + 1)
{√3q
r2
ln
[(√4q2 + 1 + 1)r2 − 2q2r2H
(
√
4q2 + 1− 1)r2 + 2q2r2H
]
−
√
3q
r2
ln
[√4q2 + 1 + 1√
4q2 + 1− 1
]
+
√
3q
r2H
ln
[√4q2 + 1 + 1√
4q2 + 1− 1
]
−
√
3q
r2H
ln
[√4q2 + 1− 2q2 + 1√
4q2 + 1 + 2q2 − 1
]}
a2. (7)
The corresponding chemical potential is given by
µ =
qrH
8
√
3
(
24 +
5 ln
(
3−
√
4q2+1
3+
√
4q2+1
)
r2H
√
4q2 + 1
a2
)
. (8)
The charge density is given by ρ =
√
3qr3H
κ2
. In Taylor series expansion of a, the Hawking
temperature and entropy density can be expressed as
T =
(2− q2)rH
2pi
+
(
−4
√
1 + 4q2 + 5(2 + 5q2) ln
(3+√1+4q2
3−
√
1+4q2
))
96pirH
√
1 + 4q2
a2 +O(a4). (9)
and
s =
N2c r
3
H
2pi
+
5rHN
2
c ln
(3+√1+4q2
3−
√
1+4q2
)
32pi
√
1 + 4q2
a2 +O(a4). (10)
B. Thermodynamic properties
The anisotropic black brane yields very interesting thermodynamic properties, as dis-
cussed in [18, 19]. For the prolate anisotropy a2 > 0, there are two branches of allowed
black brane solutions to a fixed temperature, a branch with larger horizon radii and one
with smaller. The smaller branch of solution is unstable with negative specific heat. This
situation is very similar to the case of Schwarzschild-AdS black holes with a spherical hori-
zon.
Before discussing the property of holographic fermions, we should clarify the parameters
used in the numerical computation. In order to work near the zero temperature, we will fix
the dimensionless charge as q = 1.4. After that, we vary the anisotropy parameter a2. Fig.1
shows how the entropy density varies as the temperature and a2 changes. The parameter
range (q = 1.4 and a2) is shown by the red line of the Fig. 1. For the prolate anisotropy
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FIG. 1: The plot of the relation between temperature and entropy for a variational a2 > 0.
a2 > 0, there exists two branches as shown in Fig.1. We will work with the stable branch.
Note that the background thermodynamics is exactly the same as RN-AdS when a2 = 0.
We will study the properties of holographic fermions for the cases a2 = 0, a2 > 0 in the
following section, respectively. For completeness of our mathematical computations, we will
also discuss the oblate anisotropy case with a2 < 0 in Appendix A.
III. DIRAC EQUATION
For the purpose of studying the properties of the probe fermions on the dual boundary
theory, we consider the bulk action for a probe Dirac fermion with the mass m, charge qf .
The action of the bulk fermions is given by
Sbulk =
∫
d5x
√−giψ¯
(
ΓaDa −m
)
ψ, (11)
where Γa = (eµ)
aΓµ, the covariant derivative Da = ∂a +
1
4
(ωµν)aΓ
µν − iqfAa. The spin
connection 1-forms (ωµν)a = (eµ)
b∇a(eν)b. Here (eµ)a form a set of orthogonal normal
vector bases. From the above action, the Dirac equation can be derived as
ΓaDaψ −mψ = 0. (12)
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Then, we make a Fourier transformation ψ = (−ggrr)− 14 e−iωt+ikxx+ikyyφ˜, and use the follow-
ing gamma matrices basis
Γr =

 −σ3 0
0 −σ3

 , Γt =

 iσ1 0
0 iσ1

 ,
Γx =

 −σ2 0
0 σ2

 , Γy =

 0 σ2
σ2 0

 . (13)
Note that we choose kx along the anisotropic direction and ky along the isotropic direction.
We set φ˜ =

 φ˜1
φ˜2

. The Dirac equation becomes two coupled equations
√
grr∂rφ˜1 +mσ3φ˜1 =
√
gtt(ω + qfAt)iσ2φ˜1 −
√
gxxkxσ1φ˜1 +
√
gyykyσ1φ˜2
√
grr∂rφ˜2 +mσ3φ˜2 =
√
gtt(ω + qfAt)iσ2φ˜2 +
√
gxxkxσ1φ˜2 +
√
gyykyσ1φ˜1. (14)
In order to decouple the equation of motion, we assume φ˜I =

 yI
zI

, with I = 1, 2. The
equation of motion (14) yields
√
grr∂ry1 +my1 =
√
gtt(ω + qfAt)z1 −
√
gxxkxz1 +
√
gyykyz2,
√
grr∂rz1 −mz1 = −
√
gtt(ω + qfAt)y1 −
√
gxxkxy1 +
√
gyykyy2,
√
grr∂ry2 +my2 =
√
gtt(ω + qfAt)z2 +
√
gxxkxz2 +
√
gyykyz1,
√
grr∂rz2 −mz2 = −
√
gtt(ω + qfAt)y2 +
√
gxxkxy2 +
√
gyykyy1. (15)
The ingoing boundary condition for φI at the event horizon can be imposed as
φ˜I ∝

 i
1

 e−iωr∗ , (16)
with r∗ =
∫
dr
r2F
√
B
. Near the AdS boundary, the solution of the Dirac equation (14) can be
written as
φ˜I1
r→∞≈

 cI1r−m
dI1r
m

 , φ˜II1 r→∞≈

 cII1 r−m
dII1 r
m

 ,
φ˜I2
r→∞≈

 cI2r−m
dI2r
m

 , φ˜II2 r→∞≈

 cII2 r−m
dII2 r
m

 , (17)
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where I, II correspond to two independent ingoing boundary conditions. From the holo-
graphic dictionary, the retarded Green function is given by
G = CD−1, (18)
where we have defined
G ≡

 G11 G12
G21 G22

 , C ≡

 cI1 cII1
cI2 c
II
2

 , D ≡

 dI1 dII1
dI2 d
II
2

 . (19)
For numerical convenience, we can define the following matrices
Y ≡

 yI1 yII1
yI2 y
II
2

 , Z ≡

 zI1 zII1
zI2 z
II
2

 , G˜ ≡ Y Z−1. (20)
And then one can obtain the evolution equation as follows
√
grr∂rG˜11 + 2mG˜11 −
√
gtt(ω + qfAt)(G˜
2
11 + G˜12G˜21 + 1)
− √gxxkx(G˜211 − G˜12G˜21 − 1) +
√
gyykyG˜11(G˜12 + G˜21) = 0,
√
grr∂rG˜22 + 2mG˜22 −
√
gtt(ω + qfAt)(G˜
2
22 + G˜12G˜21 + 1)
+
√
gxxkx(G˜
2
22 − G˜12G˜21 − 1) +
√
gyykyG˜22(G˜12 + G˜21) = 0,
√
grr∂rG˜12 + 2mG˜12 −
√
gtt(ω + qfAt)G˜12(G˜11 + G˜22)
+
√
gxxkxG˜12(G˜22 − G˜11)−
√
gyyky(1− G˜212 − G˜11G˜22) = 0,
√
grr∂rG˜21 + 2mG˜21 −
√
gtt(ω + qfAt)G˜21(G˜11 + G˜22) +
√
gxxkxG˜21(G˜22 − G˜11)
− √gyyky(1− G˜221 − G˜11G˜22) = 0. (21)
In terms of Eq.(16), we can easily find the boundary condition for the above evolution
equation at the horizon
G˜
r→rH≈

 i 0
0 i

 , (22)
After solving the evolution equations (21), we can read off the boundary Green’s function
as
G = lim
r→∞
r2mG˜. (23)
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FIG. 2: Left: Spectral function A(ω, kx, 0) at kx = kF (blue solid), kx = 2(orange dashed) and
kx = 2.2(red dotted) for a = 0. Right: The 3D plot of A(ω, kx, 0) for a = 0.
IV. THE PROPERTIES OF ANISOTROPIC FERMI SURFACE
In this section, we mainly focus on the property of the spectral function A(ω, kx, ky) =
Im[G11+G22]. In the discussion below, we will study the case of m = 0, qf = 1 and rH = 1
for simplicity but without loss of generality. Before proceeding, we would like to give a brief
comment on the parameter a and the dimensionless charge q. Since the contribution of a
to the temperature is small, the temperature of the system will be fixed in a small range
to a fixed q. Thus, we choose q = 1.4 to make sure that the temperature of the system is
finite and close to zero. In addition, we can conclude that G11(ω,−kx, ky) = G22(ω, kx, ky)
and G12(ω, kx, ky) = G21(ω, kx, ky) from Eq. (21). These symmetries can also be seen in our
following numerical results.
A. The shape of Fermi surface
Now, we investigate the Fermi momentum along x− and y− axes simultaneously. With
this in mind, we solve the equations of motion (21) numerically.
First, we look for the Fermi momentum along the x−direction (i.e. ky = 0) for a2 = 0.
For the imaginary part of retard Green functions, a peak appear in the region ω > 0 which
has a broad maximum (see the left plot of Fig.2). When kx = 2, this peak is sharper than
kx = 2.2. As the value of momentum approaches 1.84318392, a sharp quasiparticle like peak
is generated near ω = 0, so that its height goes to infinity and width close to zero. By
studying the spectrum function A(ω, kx, 0) for a given ω = 10
−9, we can determine Fermi
10
a2 0.01 0.008 0.006 0.004 0.002
cx 1.82646078 1.82973202 1.83303540 1.83637499 1.83975576
cy 1.82599405 1.82935522 1.83275011 1.83618288 1.83965868
d 0.00046673 0.0003768 0.00028529 0.00019211 0.00009708
f 0.00025554 0.000205932 0.000155638 0.000104614 0.0000527679
TABLE I: Fermi momentums with different a2 for a2 > 0
momentum kF = 1.84318392 along the x− direction for a2 = 0 (see the right plot of Fig.2).
That is to say, when a = 0, the background is the same as that of five-dimensional RN-AdS
black hole. The above result agrees with that of [7, 8], although the form of Green function
is different to (23). This is direct evidence that our equation of motion (21) is correct.
Second, we will study the shape of the Fermi surface. When a2 = 0, the background
reduces to the metric of RN-AdS black hole. We find that the shape of the Fermi surface is
isotropic for a2 = 0. In other words, the Fermi momentums are equal on each direction of
the kx − ky plane. We can fit our numerical result by a function as follows[24]:
k2x
c2x
+
k2y
c2y
= 1. (24)
To be more explicit, we can also introduce two quantities that are the difference between
the kx axis and ky axis d = cx − cy and the flattening factor f = cx−cycx . From the above
result, we see that the shape of the Fermi surface for a2 = 0 case is a sphere. It means
cx = cy = 1.84318392 and d = f = 0.
Turning to the prolate anisotropy a2 > 0, we expect that the shape of the Fermi surface
would be deformed by the anisotropy parameter. Under these circumstances, we work with
the stable branch and study the influence of a2 to the Fermi surface. As the result showed
in Table I, the Fermi momentum on kx direction is larger than that on ky direction and
the flattening of the shape of Fermi surface decreases as a2 decreases. In other words, the
shape of Fermi surface is a prolate sphere when a2 > 01. To have an intuitive picture about
the effect of anisotropy parameter a2 on the shape of the Fermi surface, we plot the Fermi
surface with larger anisotropy in Fig.3. Note that we set rH = 1, q = 1 and qf = 5. The
temperature in this case will become bigger than the above discussion. We can find that the
1 As a toy model, we left the “oblate” anisotropy a2 < 0 case in Appendix A.
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FIG. 3: The shape of the Fermi surface for a2 = 1 (left), a2 = 0 (right). The red dashed line and
blue line represent standard circle and numerical result with different a2, respectively.
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FIG. 4: Fermi momentum kF (ky = 0) (red) and kF (kx = 0) (blue) varies with a
2 > 0.
dual boundary field theory generates a “prolate” Fermi surface when a2 > 0.
So far, we have examined the effect of the anisotropy parameter on the shape of the
Fermi surface. Choosing the momentum along the anisotropic direction, we reveal that an
anisotropic geometry indeed results in an anisotropic Fermi surface. It would be interesting
to give an expression for its influence. In Fig. 4, we find the Fermi momentum decreases as
a2 increases whether for positive a2. We can obtain the relation between kF and a
2, which
is almost linear from Fig.4. Then, by fitting the data of kF and a
2, we have
kF (ky = 0) ∼ 1.84318− 1.72065a2 +O(a4),
kF (kx = 0) ∼ 1.84318− 1.76953a2 +O(a4). (25)
From the above relations, we find that the influence of the anisotropy of the background to
Fermi momentum on kx is bigger than on ky direction. The “prolate” solution correspond
to “prolate” Fermi surface. In a word, the anisotropy of the background effect the shape of
12
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FIG. 5: The dispersion relation for a2 = 0.01(left) and a2 = 0(right).
the Fermi surface.
We emphasize that in the above discussions, the rotational symmetry in the y − z plane
is unbroken, since the axion χ varies linearly in the x−direction. Thus, the Fermi surface is
isotropic in the ky − kz plane. We also find that smaller anisotropy a2 yields bigger Fermi
momentum.
B. The scaling behavior
In the following, we try to ascertain the type of the dual system. Thus, we must acquire
two scaling behaviors at k⊥ = k − kF → 0−. For convenience, we analyze the scaling
behaviors with two cases (kx = 0 or ky = 0). Denoting the location of the maximum of the
quasiparticle-like peak as ω∗(k⊥), we can write the dispersion relation as
ω∗(k⊥) ∼ kα⊥. (26)
As to the case a2 = 0.01, we find the dispersion relation for this anisotropic background is
almost linear (i.e., α ≈ 1)(see the left plot of Fig. 5). To make sure whether the dual liquid
is that of the Landau Fermi liquid type, we must check another scaling relation which is the
scaling relation of the height of ImG22 scales as k⊥
ImG22(ω∗(k⊥), k⊥) ∼ k−β⊥ . (27)
To be more clearly, we take the logarithm of the both sides of the equation (27). As
demonstrated in the left plot of Fig.6, we find β 6= 1. We can see that a2 cannot change
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FIG. 6: The scaling relation of the logarithm of the height of ImG22(ω∗(k⊥), k⊥) at the maximum
for a2 = 0.01(left) and a2 = 0(right).
basic type of two scaling behaviors both for kx and ky from Fig.5 and Fig.6.
As pointed out in [26, 27], the exponent of scaling behavior obeys α = β = 1 for Landau
Fermi liquid. We check all the a2 > 0 and a2 = 0 cases, which the scaling behavior α ≈ 1
and β 6= 1 is still valid. So in this respect, the dual liquid does not behave as a Landau
Fermi liquid one, which means the type of dual liquid is non-Fermi liquid for this anisotropy
background geometry. For non-Fermi liquids, the transport properties of the systems should
be different from that of the Landau Fermi liquid. As an application of the numerical
results, one may expect the fermion properties obtained here can be used for understanding
the transport properties of the dual field theory.
C. Fermi velocity and the diffusion bound
As a side note, we would like to check Hartnoll’s conjecture on the diffusion constant. In
the following, we focus on the prolate anisotropy a2 > 0 only. The diffusion constants D+
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and D− are related to the transport coefficients through the Einstein relations,
D+D− =
σ
χ
κ
cρ
, (28)
D+ +D− =
σ
χ
+
κ
cρ
+
T (ζσ − χα)
cρκ2σ
, (29)
where σ, α and κ are the electric, the thermoelectric and the thermal conductivities, re-
spectively; cρ = T (∂s/∂T )ρ is the specific heat at fixed charge density, χ = (∂ρ/∂µ)T is the
compressibility and ζ is the thermoelectric susceptibility. In many materials of interest the
thermoelectric related quantities α and ζ are expected or measured to be small compared
to the other terms in (29). In this approximation, we can drop the last term in (29) and
conclude that
D+ =
σ
χ
, D− =
κ
cρ
. (30)
Hartnoll’s conjecture on the diffusion bound can then be recast as
σ
χ
,
κ
cρ
&
~v2F
kBT
. (31)
The DC electric conductivity was obtained in [22] as
σ = rHe
φ(rH )
4 + 12r3He
− 3φ(rH )
4
q2
a2
. (32)
For the given parameters q = 1.4, rH = 1, a = 0.1 and the natural unit ~ = kB = c = 1, we
have σ
χ
= 183.89. On the other hand, from the dispersion relation (26), we can determine
the Fermi velocity vF ≃ 0.459756 numerically. It is easy to obtain v
2
F
T
= 21.59. For the cases
with a = 0.01, a = 0.006 and a = 0.08, the values of v2F/T change slowly and are much
smaller than σ/χ. After a complete analysis, we then conclude that
σ
χ
>
~v2F
kBT
. (33)
A Similar result can also be obtained for κ/cρ by counting the intrinsic contribution only
[25]. Note that the parameters chosen correspond to the large horizon (i.e. stable) branch
of the black brane solution. As to the small horizon branch of the black brane solution, the
specific heat becomes negative. We expect that the bound given in (31) will be violated.
We defer a thorough investigation on the relation between the shear viscosity bound and
the intrinsic diffusivity bound in our anisotropic setup in a future work.
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V. DISCUSSION AND CONCLUSION
We have investigated the anisotropic fermions system at low temperature by using a five
dimensional charged and anisotropic geometry. The properties of the Fermi surface can be
summarized as follows:
• The Fermi momentum decreases as the anisotropy parameter a2 increases for all cases.
• As the anisotropy parameter a2 increases, the dispersion relation is much closer to the
Fermi liquid type.
• For the case the momentum along the anisotropic direction, the “prolate anisotropy”
results in “prolate” Fermi surfaces. On the other hand, the Fermi surface still remains
isotropic if the momentum of the Dirac wave function is chosen to be perpendicular
to the anisotropic direction.
• The scaling behavior has been studied in this background and the dual system is a
non-Fermi type liquid. Therefore, the quasiparticle description loses its validity.
In general, we obtain an anisotropic non-Fermi liquid from holographic system. The results
obtained here can be regarded as direct evidence supporting the conclusion obtained in [22]
that dual transport properties of the anisotropic black brane is the same as that of the bad
metals. As a side note, we verified that our system obeys the recently conjectured universal
bound for thermoelectric diffusion constants [25] for the stable branch of the black brane
solutions.
For real materials, it always has the lattice structure that corresponds to the Brillouin
zone, and the first Brillouin zone is important. In this paper, the axion field does not result
in a periodic deformation of the boundary conformal field theory. So the Fermi surface
observed here is different from the anisotropic Fermi surface obtained by using a neutral
scalar field with periodic boundary conditions [24]. The Fermi surface which we discussed
in this work should locate in the first Brillouin zone.
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Appendix A: Fermi surface of oblate anisotropy
In this section, we attempt to discuss the Fermi surface which is dual to the “oblate”
black brane solution. One may notice that the anisotropy parameter a acts as an isotropy-
breaking external source that forces the system into an anisotropic equilibrium state [20].
The θ-parameter is dual to the type IIB axion χ with the form χ = ax. From the bulk
point of view, the parameter a only plays the role of anisotropy and does not add new
degrees of freedom to the SYM theory [20]. However, on the dual quantum field theory side,
imaginary a looks like a nonunitary deformation and could lead to a negative field coupling.
In this sense, the oblate black brane solution with a2 < 0 could give unphysical results. In
this appendix section, we simply take the oblate anisotropy as a toy model and discuss the
holographic Fermi surface only for completeness of mathematical computation, which might
provide some interesting hints on the dual (non-)Fermi liquid behavior as we see below.
1. Thermodynamic properties of oblate black brane
As can be seen from Fig.7, the thermodynamics of the oblate black brane is qualita-
tively the same as the planar black brane [18, 19]. That is to say, there is only one stable
branch of black brane solution and the thermodynamics is dominated by this phase for all
temperatures.
2. Fermi surface of oblate anisotropy
As to the oblate anisotropy, the spectral function can still be solved numerically although
the anisotropy parameter becomes imaginary. We find cx is smaller than cy, and the dif-
ference between the cx and cy increases as a
2 decreases (Table II). The flattening factor of
Fermi surface is minus, so the Fermi surface is an “oblate”-like one. We also find the Fermi
momentum decreases as a2 increases for a2 < 0.
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FIG. 7: The plot of the relation between temperature and entropy for a variational a2 < 0.
a2 -0.002 -0.004 -0.006 -0.008 -0.01
cx 1.84666749 1.85021698 1.85384682 1.85757781 1.86144205
cy 1.84676681 1.85041818 1.85415283 1.85799214 1.86196906
d -0.00009932 -0.0002012 -0.00030601 -0.00041433 -0.00052701
f -0.0000537834 -0.000108744 -0.000165068 -0.000223049 -0.000283119
TABLE II: Fermi momentums with different a2 for a2 < 0
We also check two scaling behaviors Eq.(26) and Eq.(27) of the Fermi surface for oblate
case. As shown in Fig.8, we find that two scaling behaviors obey α ≈ 1 and β 6= 1 for
both directions, which is similar as the situation of “prolate” one. By fitting the data, we
obtain the values of α which were summarized in Table III2. We find that the exponent of
the dispersion relation α decreases as a2 increases.
a2 -0.006 -0.008 -0.001
α(kx) 1.00045 1.00490 1.01100
α(ky) 1.00035 1.00476 1.01091
TABLE III: Dispersion relation exponents with different a2 for q = 1.
Finally, we find the “oblate” solution leads to “oblate” Fermi surfaces. The dual liquid
2 Here, we only calculate the a2 < −0.006 cases. Because of the accuracy of our numerical calculation, the
fitting method is out of work when the exponent α is close to 1. But we find the same change tendency
of the influence of a2 on dispersion relation both for a2 < 0 and a2 > 0 with smaller qf (for example:
qf = 0.5, qf = 0.25).
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FIG. 8: The dispersion relation and the scaling relation of the logarithm of the height of
ImG22(ω∗(k⊥), k⊥) at the maximum for a2 = −0.01(right).
is also non-Fermi liquid for such oblate anisotropy.
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